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Low-Fugacity Asymptotic Expansion for Classical
Lattice Dipole Gases
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We consider a classical dipole gas in the grand canonical ensemble. We prove
that in dimensions greater than or equal to three, and for all temperatures, the
free energy and the charges-dipoles correlation functions have an expansion in
powers of z, the fugacity of the system, which is asymptotic to all orders. We
also give some information about the decay of correlations.
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correlation.

1. INTRODUCTION

In this paper we consider a classical lattice system of particles interacting
via a dipole potential in the grand canonical ensemble. In this model,
particles occupy sites of a lattice Z¢, and the (unit) dipole moment of each
particle takes one of only a finite number of orientations, namely, the 24
canonical direction of Z. The potential between two particles located at x
and y of dipole moment e, and e, is given by

(277)—df_7fwddk [expik(x —y)|(expik - e, — 1)(expik - ¢, — 1)
d

> (cosk - e — 1)}_

Jj=1

X

where €, j= 1,...,d, is the canonical basis of Z¢. The thermodynamic
limit of the free energy and of the correlation functions of this system in the
grand canonical ensemble is known to exist.()) Since the pair potential is
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not absolutely integrable, none of the classical methods!? giving analytic-
ity in z, the fugacity of the system, around z =0 applies in this case.
Moreover it is known that the effective dipole potential is not absolutely
integrable (absence of screening),®® therefore the cluster expansion used
in Ref. 4 for the Coulomb gas does not apply.

Nonetheless, in this paper, we succeed in proving a weaker result than
analyticity: in dimensions greater than or equal to 3, the free energy and
the correlation functions are asymptotic to all orders in z about z = 0. We
also have a similar result for correlation functions of charged particles
immersed in the dipole gas.

Our results are obtained by first doing a “sine-Gordon transforma-
tion”!D which shows the equivalence of our model to a classical system
of unbounded spins described by the Hamiltonian

—BH=-(28)"" 3 (¢~ )+ 2 2 cos(6.~ 9))

{xpd {xp)
where ¢, is a random variable uniformly distributed on R, 8= T~ is the
reciprocal temperature, and z is the fugacity. In this language we see that
the desired expansion about z = 0 is an expansion about a lattice massless
Gaussian field. We can therefore apply ideas developed in Refs. 1-3.
However, the main difficulty is that the integration by parts formula, which
was used in Ref. 1 to generate the expansion, does not appear to be useful
to estimate the remainder term after the first n orders have been extracted.
Instead we generate the expansion by using the method of “complex
translation” introduced in Ref. 7, and used in Refs. 7 and 6 to obtain
results about the decay of correlation in d =2. However, we have to
introduce a regularization of it to be able to estimate the remainder. To
prove our result for charge correlation functions we also make use of the
inverse power law decay of the truncated charge—charge two-point function
as in Ref. 3. This decay is obtained by applying the FKG inequalities in the
form of Ref. 8 and the known inverse power law decay of {¢q¢,> obtained
as in Ref. 2.

Finally the paper is organized as follows: in Section 2 we describe the
model and some of its known properties. Section 3 contains the statement
and the proof of the main theorem. In Section 4 we prove some technical
results used in Section 3. Finally we give some generalizations, and sketch
the two-dimensional case.

2. DEFINITION OF THE MODEL

In this paper we consider the following lattice dipole gas: to each point
x of the lattice Z%, d > 3, is associated a unit vector e, which is an element
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of {€}x=1.... a the usual canonical basis of Z“ (e, = §,), and a variable
€, which takes values + 1. o, = ¢,¢, will be viewed as a unit dipole moment
of a particle (called a dipole) sitting at x.

Given f: Z“—> R, and g: Z? X Z?—> R, we define
Vif=f(x)-f(x+e)
ViV ) =[f(60) = f(x + & )]
- [(f(x,y +e)y—f(x+ey+ e’)]
We are now able to define the porential between two dipoles o, and o, by
V(x, y,0,,0,) = €€, V:V2C(x, p)
where

-1

C(0.x) = @m) " d%k (expik x)[ Sa- cosks)} = C,,
k.=k-e, Eg: = >

a=1,..., d

[

The potential for N dipoles at position (x)y =(x,...xy) with dipole
moments (a), = (0, ...0y) is

U((x)y(0)y) = . Z V(X Yie» 015 0k)

i<k<N

The grand canonical ensemble partition function associated to a compact set
ACZ%s

[>e]

EA By = 22y X P AU (0)y))

= Xisvens Xy &€

where z is the activity or fugacity and B = T ! is the inverse temperature.
The correlation functions p,((x%), (6%, B,2) equal

0

Z A CAD B Aexp('BU((XO)M’(UO)M’(X)N’(G)N))

= Xy ooy Xy €

We also introduce correlation functions of charged particles immersed
in the dipole gas. A particle of charge g € Z located at a point x € Z¢ will
be denoted by (x,q). The charge—charge potential V (x,q,x",q") =
99’ C(xx’), and the charge-dipole potential Vy(x,q, y,0) = geV;C(x, y).
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The general correlation function of L charges (x%), = (x{ ... x}), (¢*).
=(q,...q,) and M dipoles O ars (6%, 18

Pa((x%)(0) 13 (a0 B2)

o0
- 2 ZM+L+N(N!)—*1
N=0

X 3 exp(=BU((X) () (745 (6% ()4(0)4))

(... XyEA
where
U((x) (@) s (D)4 (0) ) = 1 Z LVl(xiqiquj) + > . Vo x:9: 79
<4 f< 1<y«
I<j<M

+ 2 V(.yzoz)’] _])

I<i,j<M

2.1. The sine-Gordon Transformation‘>'!

Let du; be the usual Gaussian measure associated to the lattice
massless free field of covariance BC(0, x).

Proposition 1.°:'D

(a) EA=ZA=fd;LB{expzz (cos Vi )}
xEA
M) If
)
Cone = ZK'f'dug expz D, (cos Vi‘?)}
x?A
PA(X) (D) 1 (D) () > Br2) = 2 <kH exXp ig(Xi)

1
M
X T exp i, V2, >
I=1 Az
2.2. Correlation Inequalities

Let m:Z9—>R be a function of finite support, and define ¢(m) =

> bm(i).
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Proposition 2.©

(a) <{cosg(m)cosp(n)y, , — {cosp(m)>, ,{cosd(n)),, >0

(b) <[¢(m) ] %cos d(M)p, — <[¢(m) ] 2>A,Z<cos d(m)p, <0
The pressure p,(8,2) = |A| " 'log Z,.

Proposition 3.5

(@) 131_1)130 Pa(B.2) = p(B,z) exists.
(b) AILH;OPA((X)L’(q)L; (.y)M’(G)M; B’Z)

= 0((),(9) 3 (M)as+(0), : Bo7) exists.
(©) Jim {p(x)@(y)dn,. = <B(1)9(¥)) exists.

Remarks. (1) By the usual arguments, Proposition 2(a) and (b)
imply Proposition 3(b) and (c). Moreover

L)), < ()20 < 0 (1

(2) Brascamp-Lieb inequalities'® can be applied for z < 8 ' where
they give the estimate {exp|og|>, < o0.

In what follows since 8 does not play any significant role we shall assume

g=1

2.3. Decay of Correlations

Proposition 4.

(a) 0 < {Pgp,>, < c|x| 'In|x| ford=3
(b) 0<{ppd,>, <clx]”!  ford >4
(©) [KVepVie>,| < c|x|™'  foralld

This proposition is a direct consequence of Theorem 2 of Ref. 2
because of the momentum space bound implied by (1) and because of the
monotonicity property: {¢.¢,>, < {PePy+ 1>, Where x and x + 1 are along
a coordinate axis. This last property follows from reflection positivity and
translation invariance; the existence of a transfer matrix needs not to be
assumed.

The system satisfies FKG inequalities in the ¢ variables; this is an easy
consequence of the Battle~Rosen condition,'¥ as has been pointed out to
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us by J. Frohlich. Therefore Newman’s theorem® can be applied to show

m

<expi 121 q,¢,> — [I <expige

I=1

<} > lalig.Kodn>
I+#n

In particular we have the following decay of the charge—charge truncated
correlation function.

Proposition 5.

1p(0, 90, X, ) — (0, 90)r(0, 4)| < clqogul 1x| ™ 'In|x]

N.B. In the whole paper C will stand for a positive constant which can
take different values at different places.

3. THE MAIN RESULT

Theorem. In dimension greater than or equal to three, and for all
temperatures the free energy p(z, 8) and the correlation functions p((x),,
(915 ()ar>(0)r5 2, B) have about z =0 an asymptotic expansion to all
order in z. (The first term in the expansion of the correlation function is of
order zL¥M)

Before starting the proof of the theorem we explain how to use the
method of “complex translation™” to generate the expansion. Let us
consider the expansion of

(expiVipy,, = Z5! f (exin‘5¢)exp(z > (cos Vicj))) du(d)  (2)
xEA
H
Doing the complex translation ¢, = ¢, + ia,, with a, = V,C, in the func-
tional integral of the numerator of (2) we obtain

(expiVip) = Zj;lf(exp - Vga)(exinf,qb)(expz > cos(Vi¢ + iVia))

xEA

X [exp % ng (Via)z] [exp - ix% Vian}p] du(9) 3

Now 3. .(Via)? =3 ,a.,(—A)a, where A, is the finite difference
Laplacian. With our choice of g, and using —A(V,Cy,) = 8, — d;,, we
have

3 (Via) = (Vop) e

x,€



Low-Fugacity Asymptotic Expansion for Classical Latlice Dipole Gases 773

as the Gaussian expectation value. Similarly
> ViaVie=g — ¢,
x.€

Therefore,

(3)= ZA‘l[eXp - %<(VO¢)2>G}I[expz EACOS(Vi + in:a)} du(o) 4
x &
£
One should really derive this formula by doing complex translation on the
Gaussian measure restricted to a finite set A; O A and then take Aj— oo to
obtain the result. The right-hand side of (4) may be written as a zeroth-
order term, A,, plus remainder, R(z):

(3) = exp — 1{(Ve0)*g

> [cos(Viqb +iVia) — cos Vitp}} -1
xEA

+ A {exp { z
§

r 1

=Ad,+ A&{explz > cos Vi«p(cosh Via — I)J - 1}

xEA
£

X exp(i > sin Vi¢sinh Via))

xEA
£
+A0<exp(izz sin V¢ sinh V‘ia) -1 (5)
x§

However, as we shall see next, the remainder R(z) is not easily shown to be
small with z. As in Ref. 1 we shall not expand about a massless theory but
rather around a theory of small mass m(z) = exp — (Inz)%. This will be
done by translating ¢, by ia,, where a, is a function of the massive
covariance C{, of the lattice Gaussian field of mass m = m(z). For instance
a, = V,CJ..

Proof of the Theorem. (1) The result for the free energy easily
follows from the result on the correlation functions and the formula

z)= : Lo> . dz’
P()=p(O)+ [[ 5 cos Vi) d

We prove the result for the correlation functions by first considering L = 0.
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(2) Dipole correlation functions. We start by estimating the remainder of
{expiV{p, after extraction of the zeroth-order perturbation theory. Apply-
ing (3) with a, = V§CZ: and using —ACJ! = §,, — m*C{", we get

@xpiVig = exp ~ 4 (Vo) DenZs " [ [expzz cos(Vig + fvza)]
x,€

X {exp ing (Vf,Cqusj)]exp[ - %ng (ViCo )2} du() (6)

Denote the massive Gaussian expectation value exp — %((ngb)z}(;,m by AJ.
Then (6) becomes

Ag”(exp{zz [cos(Viqb +iVia) - cos Vizp}}

x.€
Xexp(zmsz C0x¢x)exp[ 2Z(V Cox) } -~ (7)

Calling the three exponentials in (7), respectively, E,, E,, E,, one has
expiVidy = AJ" + Ri(2) + Ry(m) + Ry(m), with R (z) = {E,— 1>, Ry(m)
=(E\EX(E;— 1)), Ry(m)=<E\|(E,—1)). In the next section we shall
show |A" — A&~ < m const. Therefore the remainder R(z) has been split
into four parts with R,(z), the z term, similar to R(z) except that it contains
the massive covariance. R,(m) and R;(m) will be called the mass terms.
They correspond to the mass terms introduced in the regularized integra-
tion by parts formula of Ref. 1. We shall show that they may be ignored in
the expansion because they are proportional to exp — (In z)>.

Estimate of the remainder

Lemma.

> lcoshVéa— 1| < C and 3 lsinh Via|< Clam
x.£ %€

The proof of this lemma follows from the estimates
coshx — 1< x*  |x|<1

sinh|x| < 2|x| |x] <1 ®

and
S (VeV4Co, ) < o0

DIVEVECy | < Clnm  see Ref. 1
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We are now ready to estimate the different parts of the remainder:
(a) Ri(2)= <{exp[22(cos Vi¢)(cosh Via — 1)} - 1}
x.€
X exp(iz > sinh Viasin Vi¢)>
x.€
+ <cos(z > sin Vigsinh Via) -
x§

+ i<sin(z2 sin Vg sinh via)> ©)
x,€

Applying Taylor’s theorem together with the lemma one gets |R,(2)| <
Czexp Cz + z’C(Inm)*. If m were not z dependent, this estimate would
blow up in the limit m 0. This is why we had to introduce a z-dependent
mass and could not estimate directly the remainder R(z) in the form of (7).

(b) Ry(m) < {|E\||Ey| | E; — 1]).

|E,| < C by estimates similar to those done in case (a). |E,| < 1 and
|E;— 1| < Cm? by the lemma and Taylor’s theorem. Therefore R,(m)
< Cm?

© Ry(m) <{|E\||E; - 1])
E, — 12 =<2 — 2cos(m2§ vgc0x¢x)> |
Again by Taylor’s theorem
(E, — 112 < C[mzz VsCOXVgcoy<¢x¢y>]l/2
" 211/2
< c|@bmi(ZVic)|

< Cm(¢D'? by Ref. 1
< Cm by Remark (1)

The higher-order terms are obtained by expanding R,(z). For instance
terms of second order are given by

2
2, (cosh Via — 1){cos Vi¢), + 52— > (cosh Via — 1)(cosh Va — 1)
x.€ X,
e
X {cos V¢ V15, — 2 S sinh VE  sinh V1 (sin Vi sin V7
cos Vigcos Vi), 3 ngsm sasinh Via {sin Vi¢sin Vi¢)

Y
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where (), means ith order in perturbation theory. This easily follows from
Taylor’s theorem and the lemma. The remainder given by Taylor’s theorem
is bounded by Cz* + z4(Inm)*. Now

(sin Vig), = exp{ (V3§ cp) Do.mZ [%(cosh Via — 1)}2}

by applying the preceding procedure twice.
sinVipsin VDo = > exp(ie, Vi + ie, V1)),

€6 =11

The result follows by translating ¢,—>¢, + ib, with b, = ¢ ViCx, +
€,V Cy,. The estimates of R,, R,, R; are done as before There are,
however extra Inm factors coming from ¥, . |sinh V$b||sinh V7b|. It is
easy to generalize the preceding procedure to higher order of general
correlation functions (see Section 4).
Each time we apply the complex translation formula three kinds of
terms are produced:

(a) Purely Gaussian terms [e.g., exp — (V)" m)-

(b) z terms which are contained in R,(z) and are small with respect to
the Gaussian terms.

(c) Mass terms which are proportional to exp — (Inz)? and therefore
disappear from the expansion.

So in general we shall obtain
(%) > (0) s Bo2) = 2V dg(m) + Ay (m)z + - - - + A (m)z* + O(zF*) ]
This proves the theorem because in Section 4 we shall prove

Vi, |4,(m)— A;(m=0)] < Cm= Cexp — (Inz)

(3) Charge correlation functions. For charge correlations, we apply
essentially the method described in Ref. 3. That is, if we want the expan-
sion of {expidy> = (cos¢y), we first write {cos¢y>® = cos(dg— ¢,) —
[cos(¢py — $,)> — {cos ¢y>*]. By Proposition 5 the second term is bounded
by C|x|™'ln|x|. Therefore if we want an expansion up to order n we choose
|x| = z7("*D 5o that |x|"'In|x| < |lnz]z"*(n + 1), ie., it will be part of
the remainder of the expansion. We now perform an expansion in z up to
order n of {cos(¢y — ¢,)>, the dependence in z of which comes from the
measure and from x = z~("*D. As before the expansion of {expi(¢, — ¢,)>
is generated by complex translation. Let us consider the remainder after the
first translation ¢, > ¢, + i(Co, — C,,) = ¢, + ia,.

(a) The mass terms. As

‘Vu(COu - Cxu)l < ‘XIVOVuCOu’ |C0u - CXOI < 1X| 1V0C0u! (10)
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the estimates we had in (2) for the mass terms are multiplied by a factor
|x| = z7*Y_ They remain negligible in the expansion.

(b) The z terms R,(z). As before we Taylor expand the functions in
R,(2) up to order n + 1 in z. A typical coefficient of this expansion is, for
instance,

z*Qk!)™" 3 sinhV,g---sinhV, alsinV, ¢---sinV, ¢)

X hx,
(in which we have dropped the direction of the gradients to make notation
simpler). The expectation value {(sinV, ¢ - - - sin V¢ is reexpanded up to
order z* with a = 2k(n + 1) + n + 1. By the estimates of case 2(a), the new
z terms produced will be bounded by

Czuz—2k(n+1) = Czn+l(lnm)0‘

which is small compared to z”.

After this first step, the Gaussian terms produced are still z dependent
since x = 2z~ "D, We reexpand them in z as in Ref. 3. However, we have
to use the multiangle formula for sinh and cosh (13) to write them as
Gaussian expectation values involving only ¢, or ¢, (which do not depend
upon x by translation invariance), and Gaussian expectation values mixing
oo and ¢,. These last terms are negligible in the expansion because they are
of order z"*!/2, This is proven as in Ref. 3 by using Weinberg’s theorem'?
instead of the explicit computation. We finally get the result after applying
Proposition 6. The case of more general charge correlation functions is
done using reflection positivity as in Ref. 3. W

4. GAUSSIAN ESTIMATES

In this section we first show that the coefficients of the perturbation
expansion in z of the correlation functions are finite. We then estimate the
difference between coefficients computed in a massive and a massless
Gaussian theory. These two results are used in the proof of the theorem.

In this section we drop the direction symbols in the V ’s since they
play no significant role.

4.1. Construction of Graphs and Finiteness of Perturbation Theory

Let us consider the expansion of
(cosVop - - - cosV, psinV, o --sinV, ;) (11

where

2cos Vo= > (expieVe), 2isinVé= >, e(expieVo)
1

e=*1 e=*+
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the zeroth-order term is obtained by ¢, —> ¢, + ib, with

bx = €OVOC‘O)( -t En+2pvn+2p n+2px’ €= (61, MR €n+2p)

(1) =€ "€y I (sinheeV.V,C, +coshV.V,C )
€ (x))E4

TEu En+2p[<{exp[ZZ(COSthb - l)COS qub] N 1}
X exp(izz sinh Vb sin Vx¢)>

+ <eXp(izz sinh Vb sin vx¢) - 1>}

(+ terms proportional to m)

(4=1{0...n+2p}). A term of order k in the expansion of (11) is given by
zxZeH1 “+ €igp(c0shV, b~ 1)+ (coshV, b—1)
XsinhV, b---sinhV,
X b{cosV,é---cosV, osinV, ¢---sin V.o (12)

k=s+tand 1t < k. We apply the multiangle formulas

cosh(x £ y) = coshx cosh y + sinh xsinh y

13
sinh(x *+ y) = sinhx cosh y + cosh x sinh y (1)

successively to cosh Vb and sinh Vb, and we write
(coshV,b—1)= ( II coshV,V,C,, — 1)
’ k=0---n+2p ! ’

+ other terms (involving sinh and cosh)

The different terms produced can be represented graphically; the propaga-
tors sinh V.V C,, and (cosh V.V ,C, — 1) are respectively represented by a
line and a dashed line between x and y. (coshV,V C, will not be
considered since it does not affect convergence.) 1...n + 2p are called
external points and x,;...x, are called internal points. We shall now
establish the restrictions imposed on such graphs.

(a) Case of the sinh lines. Applying the multiangle formula to
cosh V, b we find that each term contains an even number of sinh lines
going out of x; (j=1...1) (essentially because cosh is an even function).
However, there will be an odd number of lines going out of X j=1i+
1...s (because sinh is odd). All these lines join internal points 10 external
pomts
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After summation on ¢, graphs will cancel and only those graphs with
an even number of lines arriving at 0...#n and an odd number of lines

arriving at n + 1 ... n + 2p will survive.
(b) Case of the (cosh —1) lines. The terms ([Ix-o.. n+2p
coshV, V C. — 1)D (D is a function of sinh and cosh) can be written as a

sum of ‘terms’ Z(COSh v, V kC — 1)BD (B is a function of cosh) by means
of the formula xy — 1 = 1[(x - I)(y+ 1)+ (y = D(x + 1)]. In other words
a (cosh — 1) line is produced between x; and an external point. Again after
summation on € no such line arrives at the externalpoints n + 1. .. n + 2p.

These considerations yield the following as the conditions which such
graphs must satisfy. A graph of order k has k internal points. At each
internal point an even number of sinh lines terminate, and an arbitrary
number of (cosh — 1) lines. Moreover, each connected component of the
graph must contain at least an external point.

To each graph one associates a number by summing over all the
internal variables. To prove the convergence of these sums uniformly in m,
we apply Weinberg’s theorem('® because either a point belongs to a
(cosh — 1) line, or it belongs to an ever number of sinh lines. Similar rules
can be obtained to prove the convergence of the graph produced in the
expansion of charge correlation functions.

(¢}
Xl
Xte
N+
h+3p
- xk

Fig. 1. A graph of order k.
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4.2. Differences of Coefficients

Suppose the asymptotic expansion of a correlation function is given by
afm)+ a(m)z + - - - + aq,(m)z* + O(z**°) where the a,(m) are com-
puted with a covariance of mass m. Then we have the following proposi-
tion.

Proposition 6.
Vi, |a,(m) — a,(0)] < m(Inm)’

Proof. Since we cannot compute explicitly the graphs in Fourier
space, the proof of this proposition differs slightly from the one given in
Ref. 1.

(a) Case of dipole correlations. As in Ref. 1 it is sufficient to estimate
A, G= G, — Gy, where G, 1s a graph of order k and G is the same graph
but the massive propagator sinh V,V, C[} is replaced in one line by the
massless one [the case of (cosh — 1) lines is easier]:

|sinh VoV Cot — sinh VoV Cn=0 < |V, V,.Co — YV, CE~0C

< mC Y [C VoV, Co | = m¥f(x)

The new graph G, defined by replacing (in the chosen line) the massive
propagator by f(x), is still convergent. This follows from Weinberg’s
theorem.('? Therefore |A,, G| < Cm™.

(b) The coefficients arising in the expansion of a charge correlation
function contain two kinds of sinh propagator:

(1) A propagator connecting an external point to an internal point
sinh V,Cy,

(2) A propagator connecting internal points: sinh VoV, C, . For a
sinh V,C,, line,

Isinh VoCJt — sinh V,Cy | < szg Cy|VoCoyl= m’g(y)

By applying Weinberg’s theorem as above for a graph of order & one gets
|A,,G| < C(lnm)*m. In the case of a (sinhV,V, C,,) line |A,, G| <
C(ln mYm?. '

N.B. We have not considered the self-energy graphs connecting a point
to itself, e.g., exp[— 1<{(Vy$)*>s]. They do not present any difficulty; one
can resume them by Wick ordering the interaction, which is equivalent to
multiplying z by a constant.
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Remarks. (1) The theorem is also true for the dipole correlation
functions in the case of a system of arbitrary length dipoles, provided the
maximal length of the dipoles is finite. In the sine-Gordon representation
this corresponds to an interaction

z > cos[¢(x) —¢(x + leg)]

x,€§
I=1...k<oo
All the estimates we had for the nearest-neighbors case are multiplied by a
finite constant.

However, in this more general model we cannot prove the existence of
an asymptotic expansion for the charge correlation functions. This is
because we do not have reflection positivity for non-nearest-neighbor
interactions.

(2) In two dimensions, the model is well defined and so is the
sine-Gordon transformation. In particular the dipole correlation functions
make sense. We now sketch one way of proving that they are asymptotic to
all orders in z. We essentially use the method of Section IV of Ref. 3.
Namely, as remarked by J. Bricmont, Proposition 2 implies

{cosp(n)y, < {cosp(n)) < {cos¢(n)y,,
where
1) ¢(n) =X ;n;, neZ and Fn,=0.

(2) {cosd(n)py,, = Z(A, m)’lfcos¢(n) exp(z

xXEA

cos V§¢) dpg ,,
£

[dig ,, is the usual Gaussian measure of covariance BCg;, and
Z(A,m) is a normalization factor such that {1}, , = 1]

(3) (e >A=<'>A,m=0a<‘>m = Algrio<>A”’

Now choosing the radius of the box A, R(A) = exp — (yz)~! and the mass,
m(z) = exp — (Inz)*, we can expand {cos¢(n)>, and {cos¢(n)>,, in z (and
estimate the remainder) using complex translations involving, respectively,
C(0,x) and C™(0, x). This gives

{cosp(n)p, = é a’z'+ 0(z**)
=1

k
{cosp(n)>,, = 21 a(m)z' + 0(z**°)

a,(m) are as in Proposition 6; a” are coefficients computed with propa-
gator C,,, but with all lattice sums restricted to A (for example,
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Dxyeasinh VoV Co, sinh V.V, C, sinh V V,Cy ). It is expected that all a?
converge to their limit (as A > oo) at least as fast as R(A)™* (a > 0), but we
have not checked this in detail. Therefore up to exponentially small terms
in z, a,(m) and a* coincide, which proves the result.
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